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[ n dial-a-ride problems, items have to be transported from a source to a destination. The characteristics of the
Iservers involved as well as the specific requirements of the rides may vary. Problems are defined on some

metric space, and the goal is to find a feasible solution that minimizes a certain objective function. The structure
of these problems allows for a notation similar to the standard notation for scheduling and queueing problem:s.
We introduce such a notation and show how a class of 7,930 dial-a-ride problem types arises from this approach.
In examining their computational complexity, we define a partial ordering on the problem class and incorporate
it in the computer program DARCLAss. As input DARCLASS uses lists of problems whose complexity is known.
The output is a classification of all problems into one of three complexity classes: solvable in polynomial time,
NP-hard, or open. For a selection of the problems that form the input for DARCLAss, we exhibit a proof of

polynomial-time solvability or NP-hardness.
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1. Introduction

In a dial-a-ride problem, a set of servers with given
capacities and speeds have to serve a set of rides.
Every ride is characterized by a source and a desti-
nation, which are points in some metric space. A rich
variety of dial-a-ride problems emerges from the char-
acteristics of the servers, the rides, the metric space,
and the objective function.

Dial-a-ride problems occur frequently in practice.
Think for example of a taxi station, which has to exe-
cute a set of rides every day. Taxi cabs, the servers,
have to be allocated to clients, the rides. In this exam-
ple the client literally “dials a ride.” Other examples
occur when controlling a set of elevators in a building
and planning routes for couriers.

Dial-a-ride problems form a substantial problem
class in the field of combinatorial optimization.
A large diversity of problem types can be interpreted
as members of this class, among which is the classical
traveling salesman problem. They are studied from
an off-line as well as an on-line perspective. For off-
line problems, all information is available at the outset
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and the routes for the servers are determined before
the rides are actually started; in on-line problems
the servers may have to change their routes because
additional information becomes available after they
started serving the rides. Many practical dial-a-ride
problems have a natural on-line character. In this
paper we study the computational complexity of off-
line dial-a-ride problems. Knowledge about off-line
problems can be helpful in finding appropriate ways
to deal with their on-line variants. For more about on-
line dial-a-ride problems, see Ascheuer et al. (2000)
and Feuerstein and Stougie (2001).

Graham et al. (1979) present a short and unam-
biguous notation for machine scheduling problem:s.
The idea i1s based on the notation introduced by
Kendall (1953) for queueing systems and extended by
Conway et al. (1967) to a broader class of queueing
and scheduling problems. We propose a similar nota-
tion for dial-a-ride problems and describe the problem
class that arises from it in §2.

Such a notation has an inevitable drawback. It cap-
tures many problems that are of interest in their own



de Paepe et al.: Computer-Aided Complexity Classification of Dial-a-Ride Problems

INFORMS Journal on Computing 16(2), pp. 120-132, © 2004 INFORMS

right, but it also generates a fair number of problems
that would not have existed otherwise. While we con-
sider the full class here in an attempt to obtain a com-
plete overview, we feel that a disclaimer 1s in order
The bare fact that a problem originated in this paper
is, In our opinion, not a sufficient reason to subject it
to a serious independent investigation. A novel anal-
ysis In settling its status or a natural application seem
to be required. The contribution of the paper is not to
generate thousands of new problems, but to introduce
a framework for a class of problems studied betore
and to show how complexity results can be derived
within that framework.

In examining the computational complexity of the
problem types in our classification, we aim to expose
the borderline between “easy” and “hard” problems.
A problem is easy if it is solvable in polynomial time,
and hard if it 1s NP-hard. In §3 we first identify equiv-
alence classes of problems that can be described in
more than one way by our notation. We then define
a partial ordering on our problem class. Roughly
speaking, problems lower in the partial ordering are
easier than are problems higher up. In §4 we intro-
duce the computer program DaRCLASS, which sys-
tematically employs the partial ordering to decide,
given initial sets of easy and hard problems, which
of the other problems are easy, hard, or still open.
DARCrAss determines minimal classes of easy and
hard problems necessary to describe the current state
of knowledge and reveals critical points on which fur-
ther research can focus. Lageweg et al. (1982) under-
took a similar study for off-line machine scheduling
problem:s.

In §§5 and 6 we present some typical results used as
input for DARCrLAss. We prove polynomial-time solv-
ability of some maximal easy problems in §5 and NP-
hardness of some minimal hard problems in §6. An
Online Supplement to this paper, available from this
journal’s website (http://joc.pubs.informs.org), con-
tains a more elaborate documentation of the results.
All proofs that have been omitted from this paper are
given there.

In §7 we review the literature on the complexity of
dial-a-ride problems, and we summarize and analyze
the output of DARCLaASss.

Throughout the paper we tacitly assume that P #
NP. Finally, we will restrict ourselves to polynomial-
time solvability and ordinary NP-hardness. Solvabil-
ity in pseudopolynomial time and NP-hardness in
the strong sense are beyond the scope of the present
discussion.

2. Notation

We characterize dial-a-ride problems by the contents
of four fields. In those fields, we give information
about the servers, the rides, the metric space, and the
objective function, respectively.
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Servers. The first field consists of two entries. The
first entry is an element of B, = {1, P, Q, R} and spec-
ifies the type of server. There can be a single server
or multiple servers. A single server, denoted by 1,
travels at unit speed. In case of multiple servers,
their number is given as part of the input. As in
machine scheduling, we use P for identical parallel
servers, Q for uniform parallel servers, and R for
unrelated parallel servers. Identical parallel servers
all travel at unit speed. Uniform parallel servers
travel at their own particular speed. Unrelated paral-
lel servers travel at a speed depending on the num-
ber of rides they are executing simultaneously. In
this case we assume that a server travels at its own
particular speed if it i1s serving no ride at all and
that its speed is a non-increasing function of the
number of rides executed simultaneously. Notice that
this definition differs from that of unrelated parallel
machines, where the speed of a machine depends on
the job it is processing,.

The second entry of the first field is an element of
B, = {capl, capc, capoo, o} and specifies the capacity of
the servers. The capacity of a server is defined as the
number of rides it can execute simultaneously while
always being at one location at a time. In other words,
when a ride corresponds to the transportation of an
item, the capacity of a server is the number of items
it can carry at the same time. The default, denoted
by o, is that each server has its own capacity. Common
capacities of 1, ¢, and oo are denoted by capl, capc,
and capoo, respectively. In case of capc, the common
capacity c 1s part of the input.

Rides. The second field specifies the features of the
rides and consists of four entries. The first entry con-
cerns the location of the sources and destinations of
the rides and is an element of B; = {5, T,s = t, o}.
Each ride j has a source s; and a destination {;, both
points in some metric space. More information about
the metric space is given below. If 5; = s; for all i, j, the
rides have a common source, which is denoted by S.
If t = t for all 7, j, the rides have a common desti-
nation, denoted by T. We assume that S and T are
located in the origin of the metric space. If s; = ¢; for
all j, each ride has a coinciding source and destina-
tion: the rides have length 0, and the requested points
just have to be visited, as in the traveling salesman
problem; this case is denoted by s =t. The default is
that none of the three situations described occurs.

The second entry specifies time-window constraints
and 1s an element ot B, = {(7;,4d;),7;,d;, o}. A ride j

cannot be started before its release time 7; and has to

be finished by its deadline d;. We denote the general
case by (rj, d j), the case that there are no deadlines (all
d; = o0) by r;, and the case that there are no release
times (all r; =0) by d;. The default is that there are
neither release times nor deadlines.
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The third entry is an element of Bs = {pmtn, o} and
indicates whether or not preemption is allowed. If
preemption is allowed, a server may start a ride at its
source, interrupt it before reaching its destination in
order to serve another ride, and resume the ride later
at the point where it was interrupted. If there is more
than one server, the ride may be resumed by another
server than the one that started it; this is called hand-
over. No preemption is the default.

The last entry is an element of B, = {prec, o} and
indicates if precedence constraints on the rides are to
be respected. If so, an acyclic digraph G = (V, A) is
given. The vertex set V is the set of rides. For each arc
(i,7) € A, ride j cannot start before ride 7 is finished.
We will not distinguish between different structures

of the precedence graph. No precedence constraints 1s
the default.

Metric Space. The third field specifies the metric
space on which the problem is defined. There is only
one entry, which is an element of B, = {line, tree,
graph, R?, 0}. On the line and on R” we use the
Euclidean metric. On trees and graphs we assume that
the metric space contains all vertices of the graph;
for any two vertices x and y, d(x,y) is the length
of a shortest path in the graph between x and y.
The default is a general metric space. In every met-
ric space we specify an origin, denoted by O, and we
assume that each server starts and ends in the ori-

gin. Distances are symmetric and satistfy the triangle
inequality:.

Objective. The last field specifies the objective
function and is an element of By = {C,.., 2 C,
> w;C}. The first objective is to minimize the
makespan, i.e., the time all rides have been served
and the last server is back in the origin. This will be
denoted by C,,,.. The second objective is to minimize
the sum of completion times }_ C;, where C; 1s the com-
pletion time of ride j. This objective is equivalent to
minimizing the average completion time, also referred
to as latency. The last objective is to minimize the sum
of weighted completion times > w,C;, where every
ride j has a given weight w;. In this field, no detault is
used. Note that the assumption that the servers have
to end in the origin does not influence the solution in
latency problems. Note also that C_,, is a slight abuse
of notation: the makespan is not necessarily equal to
the maximum ride completion time, since the servers
have to return to the origin. We will restrict ourselves
here to these three objectives, although most of the
other objectives used in machine scheduling occur in
practical dial-a-ride problems as well.

Problem Types. A dial-a-ride problem is thus rep-

resented as By, B,|Bs, Bs, Bs, Bs|B7|Bs, where 5; € By,
' =1,...,8. An empty field means that all entries of

that field have been given the default value.
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Many problems studied in the operations research
literature can be cast in this notation. One may think,
in the first place, of variants of the vehicle rout-
ing problem (Lenstra and Rinnooy Kan 1981). For
example, 1|s = t|| C.« 15 the traveling salesman prob-
lem, with symmetric distances that satisty the triangle
inequality, and 1|s = t|| >_C; is the traveling repair-
man problem, with its more client-orientied objective.
P|S||C,.., is the vehicle routing problem where vehi-
cles, with individual capacities but a common speed,
have to deliver unit loads from a single depot to
customers, so as to minimize the time at which the
last vehicle returns to the depot; P|(r;, d;)|| Cyax 18
the familiar pickup and delivery problem with time-
windows. The problem 1, capl || graph|C,,, covers sev-
eral arc routing problems. When, for every ride j,
(s;,t;} is an edge of the graph, we have the stacker
crane problem (Frederickson et al. 1978); when, for
every edge {x, y} of the graph, there is a ride (x, y) or
(y, x), we have the directed Chinese postman problem.

The notation does have its limitations. Since the
distances are symmetric, it cannot describe the asym-
metric traveling salesman problem. Since the rides are
directed, it does not capture the undirected and mixed
Chinese postman problems either. It also assumes
that the items to be transported have the same
size and thereby ignores the packing aspect. This
important issue in vehicle routing does appear in a
more extensive classification due to Desrochers et al.
(1990), which was developed for an entirely different
purpose.

Problems with 8, = capl (servers of unit capac-
ity), B; € {S,T} (all rides from the origin, or all
rides to the origin), and 85 = o (no preemption) are
equivalent, or very closely related, to single or par-
allel machine scheduling problems. Many machine
scheduling problems (Graham et al. 1979) have their
counterpart in our notation. Preemption in dial-a-ride

has a different interpretation than in machine schedul-
ing, however.

3. Equivalence Classes and

Partial Ordering
Let & be the class of dial-a-ride problems defined
in §2. We would like to employ the reducibility relation
o in order to obtain complexity results within &,
following the work of Karp (1972). This relation is
a polynomial transformation between problem types
with the property that, for any two problems I,
II"e &,

e if [T II' and II’ is easy, then Il is easy, and

e if Il x Il and Il is hard, then 11’ i1s hard.
However, we also would like to automate the deriva-
tion of the reductions. That is, DARCrass should
be able to construct reductions on its own, and
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the question is how much intelligence it can be
endowed with. We will settle for the definition of
a subrelation of «, denoted —, which captures some
types of reductions that are readily recognizable.
DARCrass will not replace the human effort of obtain-
ing original polynomial-time algorithms or clever
NP-completeness proofs, but it will clarify the conse-
quences of each such new result.

In defining the relation —, we encounter a phe-
nomenon that was anticipated by Lageweg et al.
(1982). It may happen that both I1 — IT" and IT" — II.
That is, there may be certain sets of problems of
equivalent complexity with respect to —. We will first
identify several such equivalence classes within &, and
replace each of them by a single representative. We
will then be able to define — as a proper partial order-
ing on the reduced class &.

LEmMMA 1. Any two problems 1, capc|Bs, By, Bs, Bl
B71Bg and 1, o|B3, By, Bs, BélB?IBS are equivalent.

Proor. Obvious. [

We represent any such pair of problems by the
latter one.

LEMMA 2. Any three problems 11 = R, capc|Bs, B,,

185/ BG'B?IBS/ " = Rz CQPOOIB:;, 34; ﬁS! 36“87'38/ and
1" = R/ °|331 ﬁtir 351 186IB7138 are eqmmlent.

PrROOF. We will show that IT o« IT”, TI” « IT, and
IT" < I1. Clearly II is a special case of I1”. An instance
of I1” can be viewed as an instance of Il" in which
the speed of a server is equal to the speed of the cor-
responding server in [I” if it carries no more items
than the capacity of that server, and 0 if its load is
higher. Finally, Il &« II when we give the servers in
I1 a common capacity equal to the number of rides,
which imposes no limitation. [J

We will represent any such triple of problems by
the third one.

Lemmas 1 and 2 show that some combinations of

server type and capacity are redundant. To exclude
these, we merge the sets B, and B, into the set

By = {(1,capl), (1,capo), (1,0), (P,capl), (P, capc),
(P, capeo), (P,0), (Q,capl), (Q,capc), (Q,capoo),
(Q,0), (R, capl), (R, o)}.

LEMMA 3. Any two problems 11 = By, B,|s = ¢, B,
].’777’1171, ﬁélﬁ?'ﬁS and 11" = ﬁl! BZIS — tr 641 O, Bélﬁ?lBB are

equivalent.

PrROOF. There is no point in preempting a ride of
length 0. O3

We will represent any such pair of problems by the
non-preemptive version.

Since the combination of coinciding sources and
destinations and preemption will not occur, we merge
the sets B; and Bs; into the set B,y = {S, T, s = t,
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(0,0), (S, pmtn), (T, pmtn), (o, pmin)}. Every problem
can now be written in the form Bq|819, B4, Be|B7|Bs.

The equivalences proved below involve entries
from more than one field.

LEMMmA 4. Any two problems I1 = 3., B,|s=t, B4, Bs,
Bs|B7|Bs. and 11" = By, Byls =t, Ba, Bs, BelB71Bs are

equivalent.

Proor. If sources and destinations coincide, capac-
ities are irrelevant. [

Because of Lemma 4, we will not specify 3, if B; is
equal to s =t.

LEMMA 5. Any two problems 11 =Q, B,|s=t, B4, Bs,
BslB71Bs, and II' = R, B,|s =t, By, Bs, Be|B7|Bs are

equivalent.

PrOOF. The servers always travel empty. O
The problem with uniform parallel servers will rep-
resent any such pair.

LEMMA 6. Any two problems Il = B, B,|s = t, By,

ﬁ510|B7lCmax and 11" = Ber‘ZPC’OIT; B4! ﬁSIOIBﬂCmax

with By € {1, P, Q} and B4 € {o, r;} are equivalent.

PROOF. Since the servers in II' have infinite capac-

ity, they simply collect all items before returning to
the origin, which is T. [

LEMMA 7. Any two problems T1 = By, B,|s =t, Ba,

Bs, o|B7|Bs, and 1I' = B, capoo|S, By, Bs, o|B;|Bs with
B €{l, P, Q} and B, € {0, d;} are equivalent.

PrROOF. Similar to the proot of Lemma 6. [
The problem with coinciding source and destina-

tion will represent any pair of equivalent problems
identified by Lemma 6 or 7.

LEMMmA 8. Any two problems 11 =1, capoo|Bs, Bs,
pmin, Be|B;|Bs and II' =1, capoo|Bs, Bs, o, BelBrIBs

are equivalent.

PROOF. Because there is only one server, hand-over
is not possible. Preempting a ride is not useful since
the server can carry all rides at no additional cost. O

The non-preemptive problem will represent any
such pair.

LEmMA 9. Any two problems 11 = B, B,|B3, B4, Bs,
B6|B7|Cmaxa' and 11" = Blf 32|B,3! Bflf BS! ﬁ6|ﬁ7lcmax with

I ZJCBS:S/
> i B3=T,
Bs otherwise,
7 Y Ba=d,
dj if By=1;,

B, otherwise,

are equivalent.
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Proor. Consider the decision version of both prob-
lems, in which, given a value D, we ask if a solution
with objective value C_,, <D exists. For any instance
of 11, construct an instance of Il’ as follows:

* Reverse all rides, i.e., interchange the source and
destination of every ride;

° Replace every time-window (7;,d;) by (D —d,,
D—r)

e Reverse every arc in the precedence graph.

For each feasible solution of II, we obtain a feasible
solution of II' by reversing the paths of the servers.
Hence, Il oc II'. 11" < 11 follows by symmetry. [

The deadline version will represent any such pair.
If there is a choice, the common source version will
be used.

By application of the above lemmas, we reduce the
number of problem types in the class & by 48%, from
15,360 to 7,930.

In §2 we defined the sets B,, ..., By of possible val-
ues for the entries in every field. In this section we
replaced B, and B, by By and B; and Bs by B, in order
to eliminate some of the redundancy in &. The sets
By, B¢, ...,By; and relations between their elements
are 1llustrated by the six digraphs in Figure 1. The
nodes are the elements of B, (i =4,6,...,10). There

i iy

R, capl
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is an arc from one element to another if the latter is a
direct generalization of the former.

We use these digraphs to define the partial ordering
— on . For two problems Il = 84|84, B+, Bsl|B7|Bs
and Il' = 845|810, B4, BslB5Bs in &, we have IT — IT' if
either B; = 3; or there is a directed path from S, to 3
fori=4,6,...,10.

We augment the relation — by taking into account

the following relationship between makespan and
latency problems.

LEMMA 10. For any two problems I1 = Bo|Bqy, Bua

BelB7|Crnax, and 11" = Bg|B1o, Ba, BslB5l ch with B, €
{d;, (r;,d;)}, we have IT o IT".

Proor. Consider the decision version of II, in
which, for a given D, we ask for the existence of a
solution with C_,, < D. For any instance of 1I, create
an instance of II' by taking identical rides, but change
all deadlines larger than D to D. [}

As said before, the relation — defined here is prop-
erly included in the reducibility relation «. It is worth
pointing out that —, with the exception of the aug-
mentation defined by Lemma 10, implies more than
just reducibility. It is approximation preserving, since
our arguments are based on simple inclusions, which

@, capl — 4 Q, cape ——
Qa Cap2>c

P, capl b—m—m—ot— P, capc —
P, capx

1 1, capl / 1,0
1, cap>x
By
0,0 o, pmin
S fA S =1 S,pmtn |
Bio

Figure 1 The Digraphs That Define a Partial Ordering on =¥

tree Z Oj
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do not affect the objective value. Hence, if IT — II,
with the noted exception, then a lower bound on the
polynomial-time approximability of Il holds for IT

as well, and a performance bound for 11" applies to
11 too.

4. The Program DARCrLAss

The program DARCrass has been written to deter-
mine the computational complexity of the members
of the class & of dial-a-ride problems. For any two
problems 11, Il € & the program knows whether or
not I — II', where — 1s the partial ordering defined
in §3.

The input of DARCLASs consists of a class ¥* of
known easy problems and a class .¥' of known hard
problems. Using the input and the partial ordering,
DARCLAss partitions & into three classes %*, &,
and &’ of easy, hard, and open problems, respectively:

F*={Ile 3T € .5*: [1— [T},
P ={MeZ N e g I I},
P =P\(F*UFY.

For correct input, ¥* N ¥ = &, as otherwise it would
follow that P = NP, contradicting the assumption
made in §1 and invalidating all of this research.
DARCLAss also determines four subclasses of prob-
lems that are minimal or maximal within their class

with respect to the partial ordering and the current
state of knowledge:

Fax = {I1 € F*|BIT € P*\({IT} )
S = (Tl & F*|BIT € P\(I1}: 1T — II)
S {HESP |3’3n' e P\(I1): I — IT');
Frin = {11 \{IT}: [T}

TN

The maximal easy and minimal hard problems rep-
resent the essential results, which imply all others.
They bound the open problems from below and from
above. The minimal and maximal open problems are
obvious targets for further research. As long as &’
is not empty, &, and &, may change. Each time
an open problem is resolved, the borderlines move
closer.

DARCLAss fmally determines two subclasses of
Frax and Fpy . An easy problem II is borderline easy
it every II' for which II — II'" is hard. A hard prob-
lem Il 1s borderline hard if every 11’ for which IT' — I
is easy. These problems determine part of the exact
borderline between the easy and the hard problems.
If there are no more open problems left, all maximal
easy problems are borderline easy, and all minimal
- hard problems are borderline hard. The status of these

Computer-Aided Complexity Classification of Dial-a-Ride Problems

125

problems is no longer subject to change. Their num-
ber is in some sense a measure of the progress that
has been made towards closing the gap.

In principle, the status of every problem can be
determined by hand, on the basis of .7*, .¥', and —.
The size of ¥ and the complexity of — make manual
operations awkward, however. DARCLASs has been
designed to provide automated assistance.

DARCrAass applies standard operations on a
directed graph with the problem class & as its vertex
set and an arc (11, II') whenever IT — IT'. It first com-
putes the transitive closure of the graph. Some care is
needed in order to handle properly the unique repre-
sentative of each strongly connected component cor-
responding to an equivalence class. Given .¥* and .¥/,
it then partitions the vertex set into three subsets and
determines their sources and sinks.

5. Maximal Easy Problems

The Online Supplement (http://joc.pubs.informs.org)
to this paper gives a complete documentation of all
of the polynomial-time algorithms and NP-hardness
proofs that represent the state of the art. In this sec-
tion we discuss three characteristic polynomial-time
algorithms. The next section gives a representative
selection of six NP-hardness proofs.

Many of the easy problems that have the line as
their metric space have in common that an optimal
solution has a certain “spiral” structure that allows for
solution by dynamic programming. The dynamic pro-
gram can often be solved in polynomial time, but not
always For example, the problem 1|s =, d |line| 3_ C,
1s hard, although an optimal solution has a splral
structure (Afrati et al. 1986); see §7.

Figure 2 shows various kinds of spiral structures
that can occur. The horizontal axis is the line on which
the problem is defined. The spiral represents the path
of the server. For example, if a solution has the shape
of the upper left spiral, the server never turns around
at a point between the origin and a point where it
turned before. If we know that an optimal solution
has one of these spiral structures, we only have to
determine the turning points of the server in an opti-

mal solution. In many cases, this can be done in poly-
nomial time.

astl4y aA3a9 ai() blbgbg b4 b5 ast4 a3a2 ai() blbsz b4 b5

asdqs A309 (Ll b1babs by bs 54 A3042 al b1 bobs by bs

Figure 2 Possible Spiral Forms of Optimal Solutions to Easy Problems

on the Line
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We will take the problem 1, capoo|T|line| > w,;C; as
an example, show that an 0pt1mal solution has the
shape of the lower left spiral in Figure 2, and give the
dynamlc program that determines the turning points
in an optimal solution. Our algorithm requires time
O(n’), where n is the number of rides.

IHEOREM 1. The problem 1, capoo|T|line|>- w;C; can
be solved in time O(n?>).

Proor. Label the sources of the rides on the left-
hand side of the origin from right to left, a,, ..., a,,
and those on the right-hand side of the origin from
left to right, b;, ..., b,. The total number of rides is
p—+g=mn. Let ao_-bo O. For any x, let d(O, x) be the
distance between O and x.

since the server has infinite capacity, there is an
optimal solution in which every item is picked up
as soon as its source 1s visited. Hence, if the server
reaches g;, all rides with source between O and g;
either have been completed already, or will be com-
pleted the first time the server is back in the origin.
For the rides on the right-hand side of the origin the
same argument holds. Therefore, an optimal solution
has the shape of the lower left spiral in Figure 2.

An optimal solution can be computed by the fol-
lowing recursion. We define V (a;, b;) as a lower bound
on the optimum solution value, consisting of the
minimum cost of serving all rides in [a;, b;] plus the
current time times the welghted number of unserved
rides. Clearly, the optimum is equal to V(ap, bq)

We i1nitialize by setting V(0,0) = 0, and compute
V(a;, b;) recursively by

V(a;, b;) = mi:n{ {V(az, b,) +2d(O, b;)

0<h<] -1

(zmrzm)

I<k<p h<k<g

min {V(ag,)+24(0, 0)

To see why this is correct, note that the first min-
imand, for fixed h, consists of two components:
Vi(a;, by) + 2d(0O, b;) 3 k<j Wy, which is the cost
of serving the requests in [4;,b], and 2d(O,b;).
(2ickep Wa, + 2_j<k<g Wy, ), Which is the addition to the
lower bound on the cost of serving the requests out-
side that interval, caused by the additional traveling
time.

We have to compute O(n*) values of V, each requir-
ing time O(n). Thus, the entire dynamic program
takes time O(n®). O

Another basic problem is 1, capoo||line|C,,,.- An op-
timal solution has the nice structure shown in Figure 3.
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Figure 3 Form of an Optimal Solution (Theorem 2)

THEOREM 2 (FEUERSTEIN AND STOUGIE 2001). The
problem 1,capoo||line|C,,,, can be solved in time O(nlogn).

Proor. We first show that an optimal solution has
the structure of Figure 3. Let X and Y be the left and
right extreme points, and let x and y be the other turn-
ing points, where X <x <0 <y < Y. First note that
the server has to visit X and Y at least once, and that
all rides that have a source and destination on the
same side of the origin can be served while visiting the
extreme points. Hence, turning around without cross-
ing the origin is a waste of time. Suppose without loss
of generality that the server visits Y before X. Since
the server can pick up all sources on the right-hand
side while moving to Y, and since it has to go all the
way to X afterwards, it will not visit the right-hand
side before the trip to Y in an optimal solution. So an
optimal tour starts with O - x - O — Y — O; it may
be that x = 0. At time 2x + 2Y the server is back in
the origin. It then only has to visit X and deliver rides
that have their source in (X, x). Among these rides,
let y be the rightmost destination; if y <0, set y = 0.
A trivial lower bound on the makespan is 2x +2Y +
2X + 2y. This lower bound is attained if the tour has
the claimed structure.

We now show how to determine an optimal tour
among the tours of this structure. As shown above,
for every x we can determine the corresponding y and
the makespan 2x +2Y 42X + 2y. Hence, we have to
consider no more than n+ 1 combinations (x, y). After
sorting the rides in time O(nlogn), we determine all
these combinations in time O(n) and find an optimal
solution by taking the minimum over the makespan
values. [

Our third easy problem is 1,capl|S, d;, prec|C,,..
In solving it, we use the striking similarity that
exists between many scheduling and dial-a-ride
problems. Celebrated scheduling algorithms such as
Smith’s shortest processing time rule (Smith 1956)
and Jackson’s earliest due date rule (Jackson 1955)
can sometimes be used to solve dial-a-ride problems
too. The algorithm presented below is a straightfor-
ward extension of the solution method for the schedul-

ing problem 1|prec, d;|C_,,, due to Lawler and Moore
(1969).

THEOREM 3. The problem 1, capl|S, d;, prec||Cp . C
be solved in time O(|A| + nlogn), where A is the arc set
of the precedence graph and |A| denotes its cardinality.
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Proor. We first modify the problem by reversing
the direction of every ride j and adding d(O, () to
the deadline d.. Since the server has capacity 1, it
has to visit the origin between every two rides. The
transformation therefore changes neither the set of fea-
sible solutions nor their values.

We now modity the deadlines once more to account
for the precedence constraints. For each arc (i, j) of the
precedence digraph, we may set

d; =min{d;, d; — 2d(O, t,))

without changing the feasible solution set. The dead-
line modification can be carried out in time propor-
tional to the number of arcs. Infeasibility is detected
as soon as a deadline becomes negative.

We finally sort the rides in order of non-decreasing
deadlines. This yields a solution that satisfies the
precedence constraints and that, when the server is
never idle, has minimum makespan. O

6. Minimal Hard Problems

We next give a selection of the NP-hardness proofs
that lead to the current state of the art. The core prob-
lems from which the reductions have been made are
listed below.

PARTITION (KARP 1972). Given a finite set N = {1,
..., n} and a weight a; € Z* for every j € N such that
)3 eN ;= 2b, does there exist a subset N’ € N such that
D_jen' 4 =b?

3-PARTITION (GAREY AND JOHNSON 1975). Given a
set N ={1,...,3n}and aweighta; € Z* forevery je N
such that >, ya;,=nband b/4 <a; <b/2forall je N,
can N be partitioned into n subsets N;,..., N, such
that > .y a;=bfor1 <i=<n?

HAMILTONIAN PATH (KARP 1972). Given a graph
G=(V,E), does G contain a Hamiltonian path?

CiRcULAR ARC COLORING (GAREY ET AL. 1980).
Given a finite set of intervals on the boundary of a cir-
cle and an integer k, can the intervals be colored with
at most k colors such that no two overlapping intervals
have the same color?

MINIMUM VERTEX FEEDBACK (KARP 1972). Given a
digraph D = (V, A) and an integer k, does there exist
a subset U € V such that |U| < k and the induced sub-
digraph on the vertex set V\U is acyclic?

SHORTEST COMMON SUPERSEQUENCE (MIDDENDORF
1994). Given a finite set L of equal-length strings over
a two-symbol alphabet o and an integer k, does there
exist a string [ over o of length at most k such that
each string in L is a subsequence of [?

All of these problems are NP-complete in the strong
sense, with the exception of PARTITION, which is
NP-complete in the ordinary sense but solvable in
pseudopolynomial time.

THEOREM 4. PARTITION < 1|s =t, d;|tree|C,,,-
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Figure 4 Spider Graph (Theorem 4)

PrROOF. For any instance of PARTITION we define
an instance of the dial-a-ride problem as follows. Let
c =2b. We define a spider graph with n legs; see
Figure 4. For every element j (j € N), we introduce
two zero-length rides A; and B;, both on the jth leg of
the spider. Ride A, 1s at distance ca; from the root and
has deadline 2} ;_;(c+1)a; + ca;. Ride B; is at distance
(c+1)a; from the root and has deadline o for 1 <j <
n—1anddy =4cb—(c—1)a,+2b for j =n. The dead-
lines are chosen such that each ride A; must be served

immediately after A; ; or B;_;. The deadline of A,

allows for serving all B; (i=1,...,j—1) before A
However, the deadline of B, is chosen such that
2¢Y77) a;+ (c + 1)a, = dp — 2b. Thus, in any feasible
solution, we must serve the rides A, A,,..., A ,B,
in this order. Moreover, for a subset N’ C N\{n} with
)_jen' @; < b, we can insert the rides B; (j € N’) in this
order, each B, directly after A, Serving the remain-
ing rides B; (j € N’, j # n) after B, gives a solution of
makespan

n—1
2c)_aj+2) a;+2(c+1) 3 a
j=1 jeN jEN"

-1

>2c) a;+2b+2(c+1)b,

j=1

with equality if and only if we have a yes-instance of
PARTITION. [

THEOREM 5. SHORTEST COMMON SUPERSEQUENCE X
lis =t, prec|line|C

max-

Proor. Take any instance of SHORTEST COMMON
SUPERSEQUENCE. Suppose that o = {—1,1} and that
each string in L has length n. We define an instance
of the dial-a-ride problem as follows. For every string
(I;,,,...,1) €e Lweintroduce 2n—1 zero-length rides:
one ride imneach I; (i=1,...,n) and n — 1 rides in
O; these rides are subject to a chain-like precedence

relation of the form/;, - O—->L >0 — .- > [ _, —
O— 1.
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Suppose that there is a string [ of length k that con-
tains each string in L as a subsequence. If we trans-
form I into a chain of 2k — 1 rides by inserting k — 1
rides in O as above, then we obtain a feasible solution
to the dial-a-ride problem of length 2k; note that the
server starts and ends in the origin. Conversely, if the
dial-a-ride problem has a solution of length 2k, then
the sequence of visits to the points 1 and —1 detfines a
string of length k that provides a yes-answer to SHORT-
EST COMMON SUPERSEQUENCE.

Hence, the precedence-constrained traveling sales-
man problem on the line is hard, even if the prece-
dence relation is a collection of chains. L]

THEOREM 6. MiNniMUM VERTEX FEEDBACK « 1,
capoo|| tree|C, .y -

Proor. Take any instance of MINIMUM VERTEX FEED-
BACK. Let |V| = n. We define an instance of the dial-a-
ride problem as follows. The tree is a star graph with
vertex set {O} UV and n unit-length edges {O, i} (i €
V). For every arc (i, j) € A we introduce a ride from i
to j.

Suppose there is a subset U S V' of size at most k
such that D' = (V\U, A) is acyclic. Consider a solution
for the dial-a-ride problem that first visits the vertices
in U in any order, then the vertices in V\U according
to a topological ordering, and finally the vertices in U
again. Such a tour, starting and ending in O, is feasible
and has length at most 2n + 2k. Conversely, suppose
that the dial-a-ride problem has a solution of length at
most 27 + 2k with k < n. Then at most k vertices are
visited more than once. Let U be the set of such ver-
tices. It follows that D' = (V\U, A) is acyclic. Hence,
we have a yes-instance of MINIMUM VERTEX FEEDBACK
if and only if the dial-a-ride instance has a solution of
length at most 2rn +2k. [

THEOREM 7. CIRCULAR ARC COLORING 1, capl|
line| 3_ C;.

Proor. For any instance of CIRCULAR ARC COLORING
we define an instance of the dial-a-ride problem as fol-
lows. Let n be the number of intervals on the circle and
let X be its perimeter. We cut the circle at a point where
k intervals overlap; we may assume without loss of
generality that such a point exists. We assume that
both parts of every interval cut have length at least
k; otherwise we scale the problem appropriately. The
point where the circle is cut becomes point O on the
line; every other point on the circle gets a coordinate
on the line equal to its distance in the clockwise direc-
tion from the cut point. For each interval on the line
thus obtained we introduce a ride from left to right.
This gives n +k rides, including k that start in O and k
that end in X. We call these the A-rides; see Figure 5(i).

Label the rides such that ride A; has its source
in O, ride A,,; has its destination in X, and A; and
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Figure 5

Construction of an Instance of 1, cap1||line| 3" C;
(Theorem 7)

Note. The black dots denote the sets of zero-length rides. The bigger the
dot, the more rides are located at the same point.

A,..; originate from the same interval on the circle,
for 1 <i < k. Label the other rides arbitrarily A;, for
2k +1 < i <n+ k. Now modify the rides A,, ..., Ay by
deleting the initial part of A; such that it starts in 7 —1,
and modify the rides Ay, ..., Ay by extending A,
such that it ends in X +i —1; see Figure 5(ii).

We next introduce the B-rides and the C-rides. For
i=1,...,k, we define (k — i+ 1)b zero-length B-rides
in point X + i — 1, for a value of b to be determined
later. For i =1, ...,k — 1, we define ride C; starting in
X +i—1 and ending in i, and we define ride C, starting
in X +k—1 and ending in O. Finally, we detine d zero-
length D-rides, located in —Y, for values of d and Y to
be determined later. See Figure 5(iii).

Suppose that the instance of CIRCULAR ARC COLOR-
ING has a k-coloring. The following tour serves all
rides. Start in O. Serve A, and all rides that correspond
to intervals with the same color as the interval corre-
sponding to A,;. By construction, all such rides have
been served when we reach the destination of A, ;.
Then serve the kb B-rides in that point and serve (,
which ends where A, starts. Next serve A, and all
rides corresponding to intervals with the same color.
Then serve the (k — 1)b B-rides in X + 1 and serve G,.
Continuing in this way, we serve all rides of type A,
B, and C, and we are back in the origin at time 2kX.
We reach the D-rides at time 2kX + Y.

In this solution, the D-rides contribute (2kX + Y)d
to the total completion time, the B-rides contribute
Xkb + BX — 1)k —1b+ X —2)(k —2)b+ --- +
((2k — 1)X — (k — 1))b, and the rides of type A and C
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contribute at most 2kX(n + 2k) together. Hence, the
objective value of our solution is no more than

L= 2kX+Y)d+ Xkb+ (3X —1)(k—1)b
+OBGX=-2)(k=2)b+- -+ (2k-1)X = (k—1))b
+ 2k X (n + 2k).

Now suppose that no k-coloring exists. In that case,
the tour described above cannot serve all A-rides. We
will choose the parameters b, d, and Y such that every
tour that deviates from this tour has a total completion
time larger than Z. As a result, the dial-a-ride problem
has a solution of value at most Z if and only if a k-
coloring exists.

First set d = Xkb+ (BX - 1)(k—1)b+ (5X —2)(k—2)b
+---+((2k—-1D)X —(k—1))b+2kX(n+2k)+1, to make
sure that the D-rides are served no later than 2kX 4 Y.
If they are delayed by one time unit, the total comple-
tion time exceeds Z.

Now set Y = kXd + 1 to make sure that the D-rides
will be served only after all other rides have been
served. Serving a ride after the D-rides increases its
completion time by at least 2Y. Serving the D-rides
earlier yields a gain of at most 2kXd. So by the
choice of Y, serving the D-rides before any other ride
increases the total completion time. This in combina-
tion with the choice of d implies that the server must
be in the origin at time 2kX after having served all
rides of type A, B, and C. This forces the server to start
with ride A; and to turn around only if it can start
another ride immediately.

To reach our goal, we only have to make sure
that A, 4,..., A, are served in the same order as
Ay, ..., A;. Notice that this implies that A; is served
before A]- for 1 <i<j<k. Set b =k(n+ 2k). Serving
the rides in any other order such that the server is still
back in the origin at time 2kX after having served all
rides of type A, B, and C increases the total completion
time of the B-rides by atleast (2X —1)b = (2X —-1)k(n+
2k) > 2kX(n + k). As only the A-rides can be served
earlier in this way, the decrease is less than 2k X (n + k).

The resulting total completion time is therefore larger
than Z. L[

THEOREM 8. HAMILTONIAN PATH « 1, capl|pmin
tree| > C;.

Proor. For any instance of HAMILTONIAN PATH with
V ={1,...,n}, we define an instance of the dial-a-
ride problem as follows. The tree is a star graph
with vertex set {O, 1, ..., n, n+1}, n unit-length edges
(O, 1},...,{0, n},and an edge {O, n+1} of length b =
2n*. For each leaf vertex i (i=1,...,n+1) we intro-
~ duce c = 2b zero-length rides in i. For each edge (i, j) €
E, we define two rides, one from 7 to j and one from j
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to 7. We claim that there is a solution to the dial-a-ride
problem with total completion time at most Z = (n” +
2n+b)c + 2(n + b)(2|E| — (n — 2)) + n* if and only if a
Hamiltonian path exists.

Suppose there is a Hamiltonian path H. We first
visit each of the vertices {1, ..., n} once in the order
in which they appear on H, and then vertex n+1. In

doing so, we serve the n — 1 rides corresponding to the
edges of H at cost

3+5+---4+(2n—-1),

and the ¢ zero-length rides in each of the leaf vertices
at cost

(1+3+---+2n—1)+ 2n+b))c.

We next return to the origin at time 2(n +b), and serve

the 2|E| — (n — 1) rides corresponding to the edges that
are not on H in any order, at cost

2(n+b)QRIE|~ (n—1)+3+7+---+4(2|E|—(n—1))—1.

Adding these contributions, we find that the total com-
pletion time is less than

(n*+2n+b)c+n*+2(n+b)QRIE|— (n—1)) +4n* < Z,

where the last inequality follows from the choice of b.

Suppose no Hamiltonian path exists. If fewer than
n — 1 rides corresponding to edges of E are served
before n+ 1 is visited, then at least 2|E| — (n — 2) rides
are postponed until after time 2n 4 2b, yielding a total
completion time larger than Z. To prevent this, at least
one leaf must be visited twice before all leaves have
been visited once. Compared to the previous situation,
this increases the costs by at least 2c, because at least
one of the groups of ¢ zero-length rides is delayed
by 2 time units, again yielding a total completion time
larger than Z.

Serving more than n —1 rides corresponding to arcs
in E before visiting n+1 decreases the total completion
time by at most 2(n + b) per ride. But for every such
ride, at least ¢ requests are delayed by 2 time units, so
per ride the net increase of the total completion time
is 2c — 2(n + b) > 0. Therefore, if C; < Z, there is a
Hamiltonian path.

Clearly, allowing preemption does not change the
line of argument. [

THEOREM 9. 3-PARTITION o P, capl |S|line| 3 w;C;.

Proor. For any instance of 3-PARTITION we define
an instance of the dial-a-ride problem with n servers
and, for every element j (j € N), a ride (O, a;) with
weight a;. For the sake of argument, suppose that
a server serves the rides (O, a;), (O, a,), (O,a;) in
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that order, without idle time. Its contribution to the
weighted sum of completion times is

at + a,(2a; + a,) + a3(2a, +2a, + a3) = (a, + a, + a3)*.

More generally, consider any solution to the problem,
without idle time between the rides. For i =1, ..., n,
let N; be the index set of the rides served by server i,
and let b, = ..\ a; denote their total length. Note that

i=1 b; = nb. The solution has value }_ w;C; = >/ b? >
nb®, with equality if and only if b, =---=b, =b, i.e, if
and only if we have a yes-instance of 3-PARTITION. [J

7. Summary and Analysis

An early version of DARCLAss (de Paepe 1998) gener-
ated 12,600 problem types and classified 218 problems
(1.7%) as easy, 9,824 (78.0%) as hard, and 2,558 (20.3%)
as open. Application of DARCLAss to the present
class # of 7,930 problems with the current knowledge
as mput tells us that 180 (2.3%) of these are easy, 7,673
(96.8%) are hard, and 77 (1.0%) remain open. There
are 26 maximal easy problems and 68 minimal hard
ones. Among these, 19 problems are borderline easy
and 49 are borderline hard. Moreover, all problems
that are minimal in & are easy and all problems that
are maximal in & are hard, so that the open problems
are encapsulated by the easy and hard ones.

The input to DARCLASS consists of all known com-
plexity results for the class &. It includes what is
known for the vehicle routing and machine scheduling
problems mentioned at the end of §2. There are also
a tew results for single-server problems on the line or
on a tree. We will review these before we analyze the
output of DARCLASS.

Atallah and Kosaraju (1988) proved that the stacker
crane problem on the line, 1, capl ||line|C,,,,, is easy.
Frederickson and Guan (1992, 1993) studied “ensem-
ble motion planning” problems, in our notation
11||Chax- They showed that 1, capl || tree|C._.. is hard,
and that the preemptive version, 1, capl|pmtn|tree]
Cmax, 18 €asy. Guan (1998) proved that 1||line|C. ..
and 1|pmtn|tree|C,,, are hard; the latter result fol-
lows from the hardness of 1, capoo||tree|C... (The-
orem 6). Feuerstein and Stougie (2001) showed
that 1, capoo || line|C,,,, is easy (Theorem 2) and that
both P, capl||S|line|C,,, and P, capl|T|line|C,,., are
hard. Tsitsiklis (1992) proved that 1|s = ¢, di|line|C,,,
is easy and that the version with time-windows,
l|s = t,(r;, d;)|line|C,,,, is hard; the former result
follows from our polynomial-time algorithm for
Pls =t, d;|line|C,,, (see the Online Supplement to this
paper at http: //joc.pubs.informs.org).

As for the latency objective, Afrati et al. (1986)
studied the traveling repairman problem on the
line. They showed that 1|s = t|line| >~ C; is solvable
by dynamic programming in O(n?) time. For the
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problem with deadlines, 1|s = ¢, d;|line] 3~ C,, they
proved hardness in the ordinary sense, and they
gave a pseudopolynomial-time algorithm and a fully
polynomial-time approximation scheme. The prob-
lem with release times, 1|s = ¢, rjllinel > C;, 1s open
Isitsiklis (1992). Also the problem where, instead of
release times or deadlines, there are repair times at
the request points is open (Afrati et al. 1986, Tsitsik-
lis 1992). It can be formulated in terms of the problem
1|s = t|tree| 3~ C;, where the tree has the special form of
a caterpillar graph. Sitters (2002) proved that the gen-
eral traveling repairman problem on a tree is hard, but
his proof does not apply to caterpillar graphs. Tsitsiklis
(1992) observed that the traveling repairman problem
on the line with both release times and repair times is
hard, because of the hardness of the scheduling prob-
lem 1|7;| 3~ C; (Lenstra et al. 1977).

Almost all of the problems cited in this brief review
turn out to be borderline easy or borderline hard.
We reter to the Online Supplement (http://joc.pubs
Ainforms.org) to this paper for details.

In Table 1 we list all of the easy and open prob-
lems. To keep the list manageable, we use the follow-
Ing shorthand: A/B denotes alternatives within a prob-
lem type, (A) is an optional feature, and x* is a wildcard
for an arbitrary type of metric or for weights in the
objective.

We will examine the overall influence of each char-
acteristic of a dial-a-ride problem on its complexity
and point out some interesting open problems.

Precedence Constraints, Release Times,

and Deadlines

We have classified all problems with precedence
constraimnts. Only the problems of type 1, capl|S/T,
(pmtn), (d;), prec|*|C., are easy. The others are hard,
including all problems with parallel servers or capac-
ity not equal to 1 or latency objective.

All problems with time-windows, i.e., both release
times and deadlines, are hard. Almost all problems
with either release times or deadlines have been clas-
sified as well: only nine problems with deadlines and
only eight with release times are open.

There are easy problems with deadlines. As in the
case of precedence constraints these include a class
of single-server problems (E5 and E6) but also one
with parallel servers (E3). For the latency objective, no
problem with release times is known to be easy. (For
makespan, some are solvable by symmetry between
deadlines and release times.)

The open problems with release times include some
of the most challenging open questions in the area:

lis=t, r;|line| 3~ C; and 1, capoo|(S), rilline| 3° C,;.

Metric Spaces

It turns out that the distinction between line and more
general spaces is the main breakpoint in the classifica-
tion. Most of the open problems have the real line as a
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180 Problems

Fasy problems

S =1 rides 10 problems
E1  1|s =t|tree|C,, 1
E2  1/P|s=t|line| " *C, 4
E3  1/P|s=t,(d,)|line|C 4
E4  Q|s=t|line|C,, 1
Remaining—Deadlines 61 problems
£S5 1,cap1|S/T, (pmtn), d;, (prec)| = | Cpax 40
E6  1,capl|S/T, (pmin), d;| |3 C, 20
E7 1,capoo|T, d;|line|Cp,, 1
Remaining—General rides 4 problems
- E8 1, capil|(pmtn)|line|C,,, 2
E9 1, capl|pmin|tree|C,,., 1
E10 1, capool|line|C,,,, 1
Remaining—S/T rides 105 problems
E11 1, capl|S, (pmtn), (prec)| | C .y 20
E12  1,capl|S/T, (pmin)| x| 3 xC; 40
E13 1|5, (pmtn)|line|C,,., 2
E14  1|S, pmin|tree|C,,,, 1
E15  P,capl|S/T, pmin| x| C, 10
E16  P/Q/R, capl|S/T|x |3 C, 30
E17 1, capeo|T |line| 3" xC, 2
Open problems /7 Problems
s =1 rides 6 problems
01  Q|s=t]line| 30, .
02 Qs=t,d;|line|C .y 1
03 1/P/Q|s=t,r]|line|3" C, 3
Remaining—~Release times and deadlines 13 problems
04 1, capoec|(S/T), r;lline| 3 C, 3
05 P/Q, capeo|S, pmin, r;{line| 3" C, 2
06 P/Q, capoc|T, pmin, d;|line|C,,, 2
07  P/Q/R, cap1|S/T, pmtn, d;|line|C, 0
Remaining—~General rides 14 problems
08 1, (capt)|pmin|line| 3" xC, 4
09 1|pmin\line|C..., 1
010 1, capoo||line| 3" xC; 2
011 P/Q, capoo|(pmtn)|line|C ., 4
012 P/Q/R, capl|pmin|line|y" C, 3
Remaining—S/T rides 44 problems
013 1|S/T, (pmtn)|line| 3" =C, 8
014 P/Q, capoo|T, (pmin)|line| 3 *C, 8
015  P/Q/R, (cap1/c)|S, pmtn|line|C,,, 8
016 Q/R, cap1|S/T, pmin|x |3 C, 20

meftric space, the exception being O16. Some problems
are easy for all metric spaces. Almost all other prob-
lems are hard for the variants of metric spaces other
than the line. The only exceptions, besides 016, are
three problems solvable on trees: E1, E9, and E14.

Sources and Destinations

Not surprisingly, the traveling salesman-like prob-
lems with rides with coinciding source and destina-
tion behave differently than do problems with more
general rides. Most of them are also hard, only ten
are easy, and six open. Perhaps the most interesting
result obtained during our work on DARCLASs is the
“hardness of the traveling repairman problem on a tree,

lis = t|tree| 3_ C; (Sitters 2002), which settled a long-
standing open problem.

Most of the other easy or open problems have rides
with the same source or the same destination. Only
four problems with general rides are known to be easy,
and fifteen of them are open.

Preemptions

As in machine scheduling, allowing preemption
makes a problem harder to classify. Among the open
problems there are eleven where preemption is irrel-
evant (with rides of type s =t or a server of type
1, capeo), ten pairs in which both the preemptive ver-
sion and the non-preemptive version are open, and 46
problems where only the preemptive version is open.

The makespan problems on trees E9 and E14 are,
surprisingly, the only problems where the preemptive
version is easy and the non-preemptive is hard.

For all open preemptive problems with release times
or deadlines or general rides, the non-preemptive ver-
sion is hard. The remaining problems, O15 and 016,
are interesting in relation to their counterparts from
machine scheduling.

The easiest problem of type O15, P, capl|S, pmtn|
line|C.x, 1S easy if all the rides are on the same side
of the origin, as preemptive scheduling results then
apply. With rides on both sides, however, it may be
impossible to balance the work among the servers. The
non-preemptive version 1s hard.

The latency problems O16 are the only instances
where a preemptive dial-a-ride problem may be hard
while the non-preemptive version is easy. Their coun-
terparts in scheduling are easy for uniform machines
(Gonzalez 1977) and hard for unrelated ones (Sitters
2001), but neither result seems to be of much use here.

Number, Type, and Capacity of Servers

Not surprisingly, parallel servers and capacities other
than 1 tend to make the problems hard. Most of the
easy problems involve unit capacity. At present only
two problems with general capacity and four with infi-
nite capacity are easy, and they all have a single server.

For parallel servers, there is never a difference
between (Q and R in our current classification, and
there is never a difference between common capacity c
and general capacity (which could only matter for P
or Q).

The open problems O1 and O2 exhibit a striking
difference between P and Q. For identical servers the
problems are trivial: it is optimal to use two servers,
one for either direction. For a single server the prob-
lems are solved by dynamic programming. For uni-
form servers one can create complex instances where,
for example, any number of fastest servers turns any
given number of times.

Another problem with a different classification for P
and Q is 016 discussed above. For identical servers it



132

1S easy, since preemptions do not help. We still have
not found a problem, however, where the Q variant is
provably hard and the P variant is easy.

Problem O11 without preemption is easy for a con-
stant number of servers, as each server has to try only
polynomially many reasonable tours.

Objective
As in machine scheduling, makespan and latency have

little in common. There are 22 open problems with the
makespan objective.

For the latency objective, it is interesting to exam-
ine the influence of weights. There are several classes

of problems where adding weights to the objective
causes hardness: E6, E15, and E16. There are twelve

pairs of open problems where both the weighted
and unweighted version have not been classified,
and 31 problems where the unweighted version is
open and the weighted one is hard; these involve a
reduction from PARTITION and exponential weights.
Weighted problems seem to be easier to classify: we

have no case where the unweighted version is easy
and the weighted one is open.
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